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INVARIANT FORMULA OF THE DETERMINANT OF A HEISENBERG
REPRESENTATION
SAZZAD ALI BISWAS
Abstract. In this paper we give an explicit formula of the determinant of a Heisenberg represen-
tation ρ of a finite group G. Heisenberg representations are induced by 1-dimensional characters
in multiple ways, but our formula will be independent of any particular choice of induction.
1. Introduction
Let G be a finite group and ρ be a Heisenberg representation of G, that is an irreducible
representation of the two-step nilpotent factor group G/C3(G). (cf. Subsection 2.1.) Let Z be the
scalar group for ρ and H be any maximal isotropic subgroup of G for ρ (in the sense of Remark
2.2(i) below). The central character χρ : Z → C× of ρ is then extendible to a linear character χH
of H and for any choice of (H,χH) we have:
ρ ∼= IndGH(χH), det(ρ) = det(IndGH(χH)).
Our aim is to establish a formula of det(ρ) which is independent of the choices made.
We start with the following formula obtained by Gallagher’s result (cf. Theorem 2.3):
det(IndGH(χH))(g) = ∆
G
H(g) · χH(TG/H(g)) for all g ∈ G,
where ∆GH is the determinant of Ind
G
H(1H). In fact ∆
G
H(s) is the sign εG/H(s) of the permutation
of G/H defined by left multiplication with s, and TG/H is the transfer map from G to H.
Since G = G/Ker(ρ) is a two-step nilpotent group (cf. Remark 2.2(ii)) it will be enough to
exploit Gallagher’s formula in the case when G is two-step nilpotent. Thus in Lemma 3.1 we
compute TG/H , when H ⊇ [G,G] is an abelian subgroup of finite index of a two-step nilpotent
group G. Based on that, as our main result we will prove the following theorem in section 4:
Theorem 1.1. Let ρ = (Z, χρ) be a Heisenberg representation of G of dimension d and put
• ερ(g) = −1 if G/G2Z is Klein’s 4-group and g 6∈ G2Z,
• ερ(g) = 1 in all other cases (if G/G2Z is not Klein’s 4-group or if g ∈ G2Z).
Then we obtain
(1.1) det(ρ)(g) = ερ(g) · χρ(gd).
We remark that all terms in equation (1.1) depend only on g (mod [G,G]), and hence can be
interpreted as functions on G/[G,G]. But only det(ρ) is always a character of G/[G,G], whereas
the factors on the right need not be characters.
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2 BISWAS
In section 5, we also give an arithmetic version of the above theorem (see Proposition 5.1).
2. Notations and preliminaries
2.1. Heisenberg Representations. Let ρ be an irreducible representation of a (pro-)finite group
G. Then ρ is called a Heisenberg representation if it represents commutators by scalar oper-
ators. Therefore higher commutators are represented by 1. Let Zρ be the scalar group of ρ, i.e.,
Zρ ⊆ G and ρ(z) = scalar matrix for every z ∈ Zρ. We can see that the linear characters of G are
Heisenberg representations as the degenerate special case. If C1G = G, Ci+1G = [CiG,G] denotes
the descending central series of G, the Heisenberg property means C3G ⊂ Ker(ρ), and therefore ρ
determines a character X on the alternating square of A := G/C2G such that:
(2.1) ρ([aˆ1, aˆ2]) = X(a1, a2) · E
for a1, a2 ∈ A with lifts aˆ1, aˆ2 ∈ G. The equivalence class of ρ is determined by the projective
kernel Zρ which has the property that Zρ/C
2G is the radical of X and by the character χρ of Zρ
such that ρ(g) = χρ(g) ·E for all g ∈ Zρ and E being the unit operator. Here χρ is a G-invariant
character of Zρ which we call the central character of ρ.
It is known that the Heisenberg representations ρ are fully characterized by the corresponding
pairs (Zρ, χρ).
Proposition 2.1 ([8], Proposition 4.2). The map ρ 7→ (Zρ, χρ) is a bijection between equivalence
classes of Heisenberg representations of G and the pairs (Zρ, χρ) such that
(a) Zρ ⊆ G is a coabelian normal subgroup,
(b) χρ is a G-invariant character of Zρ,
(c) X(gˆ1, gˆ2) := χρ(g1g2g
−1
1 g
−1
2 ) is a nondegenerate alternating character on G/Zρ, where
gˆ1, gˆ2 ∈ G/Zρ and their corresponding lifts g1, g2 ∈ G.
Remark 2.2. (i). For pairs (Zρ, χρ) with the properties (a) − (c), the corresponding Heisenberg
representation ρ is determined by the identity:
(2.2)
√
[G : Zρ] · ρ = IndGZρχρ.
Furthermore, if H is a maximal isotropic subgroup of G for ρ (which is to say that H/Zρ ⊂ G/Zρ
is maximal isotropic with respect to X) and if χH ∈ Ĥ is an extension of χρ, then we have
(cf. [8], p.193, Proposition 5.3, more properly: [7], p.271/2, Lemma 3 and Proposition 3):
ρ = IndGHχH and [G : H] = [H : Zρ] =
√
[G : Zρ] = dim(ρ).
(ii). Property (a) means: Zρ ⊇ [G,G], which implies [G,Zρ] ⊇ [G, [G,G]].
Property (b) means: [G,Zρ] ⊆ Ker(χρ), which implies [G,Zρ] ⊆ [G,G] ∩Ker(χρ).
Because ρ(g) = χρ(g) · E for g ∈ Zρ and because of (c) we obtain that
χρ(g1g2g
−1
1 g
−1
2 ) · E = [ρ(g1), ρ(g2)]
is nondegenerate on G/Zρ hence Ker(ρ) ⊆ Zρ and therefore Ker(ρ) = Ker(χρ) ⊇ [G,Zρ].
(iii). Actually we see now that ρ is a representation of the two-step nilpotent group G/[G,Zρ]
which has Zρ/[G,Zρ] as its center.
(iv). If we go further to G := G/Ker(ρ) then in G the relation χρ(g1g2g
−1
1 g
−1
2 ) = 1 implies already
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g1g2g
−1
1 g
−1
2 = 1 because Ker(ρ) = Ker(χρ). Therefore in G isotropic is the same as commuting
elements, which implies that χρ extends to χH if H is maximal isotropic.
2.2. Transfer map. Let H be a subgroup of a finite group G. Let {t1, t2, · · · , tn} be a left
transversal for H in G. If g ∈ G then for all i = 1, 2, · · · , n we obtain,
(2.3) gti ∈ tg(i)H,
where the map i 7→ g(i) is a well-defined permutation of the set {1, 2, · · · , n}. Assume that
f : H → A is a homomorphism from H to an abelian group A. Then transfer of f , written Tf ,
is a mapping
Tf : G→ A given by
Tf (g) =
∏n
i=1 f(t
−1
g(i)gti) for all g ∈ G.
Since A is abelian, the order of the factors in the product is irrelevant. Now we take f the canonical
homomorphism, i.e.,
f : H → H/[H,H], where [H,H] is the commutator subgroup of H.
And we denote Tf = TG/H . Thus by definition of transfer map TG/H : G→ H/[H,H], we have
(2.4) TG/H(g) =
n∏
i=1
f(t−1g(i)gti) =
n∏
i=1
t−1g(i)gti[H,H],
for all g ∈ G.
Moreover, if H is any subgroup of finite index in G, then (cf. [2], Chapter 13, p. 183)
(2.5) TG/gHg−1(g
′) = gTG/H(g′)g−1,
for all g, g′ ∈ G. Now let H be an abelian normal subgroup of G. Let HG/H be the set consisting
the elements which are invariant under conjugation. So it is clear that these elements are central
elements and HG/H ⊆ Z(G), the center of G. When H is abelian normal subgroup of G, from
equation (2.5) we can conclude that (cf. [2], Chapter 13, p. 183) that
(2.6) Im(TG/H) ⊆ HG/H ⊆ Z(G).
To compute the determinant of an induced representation of a finite group, we need the following
theorem.
Theorem 2.3 (Gallagher, [6], Theorem 30.1.6). Let G be a finite group and H a subgroup of G.
Let ρ be a representation of H and denote ∆GH = det(Ind
G
H1H). Then
(2.7) det(IndGHρ)(g) = (∆
G
H)
dim(ρ)(g) · (det(ρ) ◦ TG/H)(g), for all g ∈ G.
Let T be a left transversal for H in G. Here IndGHρ is a block monomial representation (cf. [6],
p. 956) with block positions indexed by pairs (t, s) ∈ T × T . For g ∈ G, the (t, s)-block of IndGHρ
is zero unless gt ∈ sH, i.e., s−1gt ∈ H and in which case the block equal to ρ(s−1gt). Then we can
write for g ∈ G
(2.8) TG/H(g) =
∏
t∈T
s−1gt[H,H].
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Thus for all g ∈ G
det(IndGHρ)(g) = (∆
G
H)
dim(ρ)(g) · det(ρ) ◦ TG/H(g)
= (∆GH)
dim(ρ)(g) · det(ρ)(
∏
t∈T
s−1gt[H,H])
= (∆GH)
dim(ρ)(g) ·
∏
t∈T
det(ρ)(s−1gt[H,H]),(2.9)
where in each factor on the right, s = s(t) is uniquely determined by gt ∈ sH.
2.3. Some useful results from finite Group Theory. Let G be a finite abelian group and put
α =
∏
g∈G g. By the following theorem we can compute α.
Theorem 2.4 ([3], Theorem 6 (Miller)). Let G be a finite abelian group and α =
∏
g∈G g.
(1) If G has no element of order 2, then α = e.
(2) If G has a unique element t of order 2, then α = t.
(3) If G has at least two elements of order 2, then α = e.
Let G be a two-step1 nilpotent group. For G, we have the following lemma which follows from
the properties of two-step nilpotent groups and Lemma 9 on p. 77 of [1].
Lemma 2.5. Let G be a finite two-step-nilpotent group and x, y ∈ G. Then:
(i) [x, y] := xyx−1y−1 is always in the center of G.
(ii) [x1x2, y] = [x1, y][x2, y].
(iii) [xn, y] = [x, y]n for all n ∈ N.
(iv) xnyn = (xy)n · [x, y]n(n−1)/2 for all n ∈ N,
(v) xn1 · · ·xns = (x1 · · ·xs)n ·
∏
16i<j6s[xi, xj]
n(n−1)/2 for all n ∈ N.
Definition 2.6 (2-rank of a finite abelian group). Let G be a finite abelian group. Then from
elementary divisor theorem (cf. [5] p. 77, Theorem 3) we can write
(2.10) G ∼= Zm1 × Zm2 × · · · × Zms
where m1|m2| · · · |ms and
∏s
i=1mi = |G|. We define the 2-rank of G
rk2(G) :=the number of mi-s which are even.
In other words, a finite abelian group G is the direct product of its p-Sylow groups G(p), and the
2-rank of G is equal to the F2-dimension of the subgroup G[2] ⊆ G(2) of elements of orders 6 2.
Proposition 2.7. Let G be an abelian group of rk2(G) = n. Then G has 2
n−1 nontrivial elements
of order 2.
Proof. By the given condition, rk2(G) = n, i.e., the vector space G[2] over F2 has 2n elements and
they are of order 2. Hence we can conclude that when G is abelian with rk2(G) = n, it has 2
n − 1
nontrivial elements of order 2.

1Its derived subgroup, i.e., commutator subgroup [G,G] is contained in its center. In other worlds, [G, [G,G]] =
{1}, i.e., any triple commutator gives identity.
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We also need a structure theorem for finite abelian groups which come provided with an alter-
nating character:
Lemma 2.8 ([7], p. 270, Lemma 1(VI)). Let G be a finite abelian group and assume the existence of
an alternating bi-character X : G×G→ C× ( X(g, g) = 1 for all g ∈ G, hence 1 = X(g1g2, g1g2) =
X(g1, g2) · X(g2, g1)) which is nondegenerate. Then there will exist elements t1, t′1, · · · , ts, t′s ∈ G
such that
(1) G =< t1 > × < t′1 > × · · ·× < ts > × < t′s >
∼= Z/m1 × Z/m1 × · · · × Z/ms × Z/ms and m1| · · · |ms.
(2) For all i = 1, 2, · · · , s we have X(ti, t′i) = ζmi a primitive mi-th root of unity.
(3) If we say g1 ⊥ g2 if X(g1, g2) = 1, then (< ti > × < t′i >)⊥ =
∏
j 6=i(< tj > × < t′j >).
3. Computation of the transfer map for two-step nilpotent group
For two-step nilpotent group, we have the following lemma.
Lemma 3.1. Assume that G is a two-step nilpotent group and H ⊇ [G,G] is an abelian subgroup
of index [G : H] = d. Then the transfer map TG/H : G/[G,G]→ HG/H restricted to H is given as
TG/H(h) = h
d · [h, αG/H ], for all h ∈ H,
where αG/H =
∏
g∈G/H g ∈ G/H, hence [h, αG/H ] is a central element of order 6 2.
As a consequence also hd is always a central element: hd ∈ Z(G).
Proof. Let T be a left transversal for H. When h ∈ H, we have
ht = t · t−1ht ∈ tH,
because H ⊇ [G,G], hence H is a normal subgroup of G. Hence s = t, where s = s(t) is a function
of t which is uniquely determined by gt ∈ sH, for some g ∈ G. Therefore:
TG/H(h) =
∏
t∈T
s−1ht =
∏
t∈T
t−1ht =
∏
t∈T
hh−1t−1ht =
∏
t∈T
(h · [h−1, t−1])
= hd
∏
t∈T
[h−1, t−1] = hd[h−1,
∏
t∈T
t−1] = hd · [h, αG/H ],(3.1)
where αG/H =
∏
t−1∈T t =
∏
g¯∈G/H g¯.
Moreover the commutator [h, αG/H ] is well defined because H is abelian and [., .] is bilinear.
Then [h, αG/H ] is of order 6 2 because, by the Miller’s result (cf. Theorem 2.4), αG/H ∈ G/H is
of order 6 2. Finally hd ∈ Z(G) follows from TG/H(h), [h, αG/H ] ∈ Z(G).

4. Proof of Theorem 1.1
To prove Theorem 1.1, we need to check the following properties of ερ:
(1) ερ has values in {±1}.
(2) ερ(gx) = ερ(g) for all x ∈ G2Z, hence ερ is a function on the factor group G/G2Z, and in
particular, ερ ≡ 1 if [G : Z] = d2 is odd.
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(3) The sign function ερ(g) is ≡ 1 unless G/G2Z is Klein’s 4-group in which case we have
ερ(g) = −1 if and only if g /∈ G2Z.
We also need the following lemma.
Lemma 4.1. Let ρ = (Z, χρ) be a Heisenberg representation of G and put Xρ(g1, g2) := χρ([g1, g2]).
Then for every element g ∈ G, there exists a maximal isotropic subgroup H for Xρ such that g ∈ H.
Proof. Let g be a nontrivial element in G. Now we take a cyclic subgroup H0 generated by g,
i.e., H0 =< g >. Then Xρ(g, g) = 1 implies H0 ⊆ H⊥0 . If H0 is not maximal isotropic, then
the inclusion is proper and H0 together with some h ∈ H⊥0 r H0 generates some larger isotropic
subgroup H1 ⊃ H0. Again we have H1 ⊆ H⊥1 , and if H1 is not maximal then the inclusion is
proper, then again we proceed same method and will have another isotropic subgroup and we
continue this process step by step come to maximal isotropic subgroup H.
Therefore for every element g ∈ G, we would have a maximal subgroup H such that g ∈ H. 
Now let ρ = (Z, χρ) be a Heisenberg representation of G which is of dimension d =
√
[G : Z].
Then Theorem 2.3 yields
det(ρ)(g) = ∆GH(g) · χH(TG/H(g)) = ∆GH(g) · χρ(TG/H(g)),
for any H ⊃ Z such that H/Z is maximal isotropic for (G/Z,Xρ) and for any character χH such
that χH |Z = χρ. We may assume here that H ⊃ Z are abelian groups (see Remark 2.2(iv)) and
then TG/H(g) ∈ HG/H ⊆ Z, hence the second equality follows. In particular
(4.1) det(ρ)(g) = χρ(TG/H(g)),
if g ∈ H because ∆GH = ∆G/H{1} .
Lemma 4.2. Let ρ = (Z, χρ) be a Heisenberg representation of dimension d of G and let G :=
G/Ker(ρ). Then G is two-step nilpotent with center Z(G) = Z ⊃ [G,G]. And the maximal abelian
subgroups H ⊂ G correspond to the maximal isotropic subgroups H/Z in (G/Z,Xρ). Moreover we
have:
(i) Each g ∈ G is contained in some maximal abelian H ⊂ G, and [G : H] = [G : H] = d.
(ii) If g ∈ H as in (i), then
det(ρ)(g) = χρ(g
d) · χρ([g, αG/H ]) = χρ(gd) ·Xρ(g, αG/H).
In particular det(ρ)(g) = χρ(g
d) if g ∈ H such that rk2(G/H) 6= 1.
(iii) We have
det(ρ)(g) = ±χρ(gd) = ερ(g) · χρ(gd)
for all g ∈ G, and det(ρ)(g) = χρ(gd) if d is odd.
(Note: Part (iii) is nothing else than formula (1.1) and part (1) of Theorem 1.1.)
Proof. From Remark 2.2(ii) (iii), (iv); the preliminary part of this lemma is clear.
(i). From Lemma 4.1 we see that any g ∈ G must sit in a maximal isotropic subgroup H and by
the preliminary remarks this is equivalent to H being abelian.
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And since H corresponds a maximal isotropic subgroup H for Xρ, it can be seen that [G : H] =
[G : H] = d.
(ii)/(iii) If g ∈ H as in (i) then we have seen already that det(ρ)(g) = χρ(TG/H(g)). And by
equation (3.1) we have TG/H(g) = g
d · [g, αG/H ]. Together this yields
det(ρ)(g) = χρ([g, αG/H ]) · χρ(gd) = ερ(g)χρ(gd)
because [g, αG/H ] is of order 6 2, hence χρ([g, αG/H ]) must be a sign. And by Theorem 2.4. we
know that αG/H = 1 ∈ G/H if and only if rk2(G/H) 6= 1.

Lemma 4.3. The sign function ερ : G→ {±1} is actually a function on G/G2Z = G/G2Z.
(Note: This lemma is the same as part (2) of Theorem 1.1.)
Proof of Theorem 1.1(2). Because Z is the scalar group of the irreducible representation ρ of
dimension d, then by definition of scalar group, elements z ∈ Z are represented by scalar matrices,
i.e.,
ρ(z) = χρ(z) · Id, where Id is the d× d identity matrix.
This implies
(det ρ)(z) = χρ(z)
d = χρ(z
d).
We also know that Z is the radical of Xρ, therefore
Xρ(z, g) = χρ([z, g]) = 1 for all z ∈ Z and g ∈ G.
Moreover, we can consider det ρ as a linear character of G, therefore
(4.2) (det ρ)(gz) = (det ρ)(g) · (det ρ)(z) = ερ(g)χρ(gd)χρ(zd).
On the other hand
(4.3) (det ρ)(gz) = ερ(gz)χρ((gz)
d) = ερ(gz)χρ(g
dzd[g, z]−
d(d−1)
2 ) = ερ(gz)χρ(g
d)χρ(z
d).
On comparing equations (4.2) and (4.3) we get
ερ(gz) = ερ(g) for all g ∈ G and z ∈ Z.
Moreover, since ερ(g) is a sign, we have
(det ρ)(g2) = (det ρ)(g)2 = ερ(g)
2χρ(g
d)2 = χρ(g
2d).
Therefore
(4.4) (det ρ)(gx2) = (det ρ)(g) · (det ρ)(x2) = ερ(g)χρ(gd)χρ(x2d).
On the other hand
(4.5) (det ρ)(gx2) = ερ(gx
2)χρ((gx
2)d) = ερ(gx
2)χρ(g
d)χρ(x
2d),
because [g, x2]
d(d−1)
2 = [g, xd]d−1 and [g, xd] ∈ [G,Zρ] ⊆ Ker(ρ).
So we see from equations (4.4) and (4.5) ερ(gx
2) = ερ(g), hence ερ is a function on G/G
2Z.
In particular, when [G : Z] is odd, we have ερ ≡ 1 because [G : Z] odd implies G = G2Z.

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Proof of Theorem 1.1. (3) We show that ερ(g) ≡ 1 unless G/G2Z is Klein’s 4-group. We may
assume that d is even because otherwise G = G2Z.
Since G/Z is abelian and is provided with nondegenerate alternating character Xρ we may apply
Lemma 2.8 to the pair (G/Z,Xρ).
Then we see that
G/Z = H/Z ×H ′/Z
is the product of two isomorphic maximal isotropic subspaces, hence rk2(G/Z) is always even and
rk2(G/Z) 6= 2 is the same as rk2(G/H′) = rk2(G/H) 6= 1. Then from Proposition 2.7 we can say
both G/H and G/H ′ have at least 3 elements of order 2. Then from Theorem 2.4 we have αG/H = 1
and αG/H′ = 1. Furthermore, from formula (3.1) we obtain
TG/H(h) = h
d · [h, αG/H ] = hd, and TG/H′(h′) = h′d · [h′, αG/H′ ] = h′d.
Therefore by using equation (4.1) we have
det(ρ)(h) = χρ(h
d), and det(ρ)(h′) = χρ(h′d).
So we can write
(det ρ)(g) = (det ρ)(h) · (det ρ)(h′), here g = h · h′ is a decomposition of g with h ∈ H, h′ ∈ H ′,
= χρ(h
d) · χρ(h′d)
= χρ(h
d · h′d)
= χρ((h · h′)d[h, h′]
d(d−1)
2 ) using Lemma 2.5(iv)
= χρ(g
d) ·Xρ(h, h′)
d(d−1)
2
= χρ(g
d),
because our assumptions G 6= G2Z, rk2(G/Z) 6= 2 and Lemma 2.8 applied to (G/Z,Xρ) imply
m1 · · ·ms = d with at least two even factors mν , hence mi|d2 for all i ∈ {1, 2, ..., s}, and then
Xρ(h, h
′)
d(d−1)
2 = χρ([h, h
′])
d(d−1)
2 = ζ
d(d−1)
2
m = 1,
where ζm is a primitive m-th root of unity and m is some positive integer (which is the order of
[h, h′]) which divides d
2
. This shows that when rk2(G/Z) 6= 2 we have ερ ≡ 1.
Finally we are left with the case rk2(G/Z) = 2. The Lemma 2.8 for (G/Z,Xρ) means now
m1 · · ·ms = d where only ms is even and all other mν are odd. With the notation of Lemma 2.8
put
H/Z = 〈t1〉 × · · · 〈ts〉, H ′/Z = 〈t′1〉 × · · · 〈t′s〉.
Then rk2(G/H) = rk2(G/H
′) = 1 and
ερ(t̂s) = χρ([ts, αG/H ]) = −1, ερ(t̂′s) = χρ([t′s, αG/H′ ]) = −1
From Lemma 4.2(iii) we see:
1 =
(det ρ)(g1) · (det ρ)(g2)
(det ρ)(g1g2)
=
ερ(g1)χρ(g
d
1) · ερ(g2)χρ(gd2)
ερ(g1g2)χρ((g1g2)d)
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hence
ερ(g1)ερ(g2)
ερ(g1g2)
=
χρ((g1g2)
d)
χρ(gd1g
d
2)
= Xρ(g1, g2)
d(d−1)
2 = Xρ(g1, g2)
d
2 ,
because d− 1 is odd and the value of X
d
2
ρ must be a sign. Thus we conclude now
ερ(t̂s · t̂′s) = Xρ(ts, t′s)
d
2 = ζ
d
2
ms = −1
which yields the proof for rk2(G/Z) = 2.

Remark 4.4. If ρ = (Z, χρ) is a Heisenberg representation and if ω : G/[G,G] → C× is a 1-
dimensional character, then
ρ⊗ ω = (Z, χρ⊗ω) where χρ⊗ω = χρ · ωZ ,
where ωZ := ω|Z .
Together with the definition of Xρ which has been given in Lemma 4.1, this shows that: ρ
′ = ρ⊗ω
if and only if Xρ′ = Xρ.
Moreover if ρ : G→ GLd(C) is any representation of dimension d, then
det(ρ⊗ ω) = det(ρ) · ωd.
Proposition 4.5. Let ρ = (Z, χρ) be a Heisenberg representation of G of dimension d. Then the
following are equivalent:
(i) ερ(g)χρ(g
d) = 1 for all g ∈ G such that gd ∈ [G,G].
(ii) There exists a 1-dimensional character ω of G such that det(ρ⊗ ω) ≡ 1.
Proof. We know already that δ(g) := ερ(g)χρ(g
d) is a character of A := G/[G,G] because it is the
determinant of ρ. If now δ(g) = 1 in any case where gd ∈ [G,G], then considered as a character of
A we have δ(a) = 1 always if ad = 1. But A is a finite abelian group thus by duality this means
δ = ηd for some character η of A. Now put ω = η−1 and consider it as a character of G. Then it
follows that
det(ρ⊗ ω) ≡ 1.
The implication (ii)⇒: (i) is obvious because det(ρ⊗ ω) = det(ρ) · ωd. 
Example 4.6. If ρ = (Z, χρ) is a Heisenberg representation (of dimension > 1) for a nonabelian
group of order p3, (p 6= 2, ) then Z = [G,G] is cyclic group of order p, and Gp = Z or Gp = {1}
depending on the isomorphism type of G. So by using Theorem 1.1, we can observe that det(ρ) 6≡ 1
and det(ρ) ≡ 1 depending on the isomorphism type of G.
We know that there are two nonabelian group of order p3, up to isomorphism (for details see
[4]). Now put
Gp =

1 a b0 1 c
0 0 1
 : a, b, c ∈ Z/pZ

We observe that this Gp is a nonabelian group under matrix multiplication of order p
3. We also
see that Gpp = {I3}, the identity in Gp. Now if ρ is a Heisenberg representation of dimension 6= 1
of group Gp, then we will have det(ρ) ≡ 1.
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And when G is an extraspecial group of order p3, where p 6= 2 with Gp = Z, we will have
Ker(Ψ) ∼= Cp × Cp, where Cp is the cyclic group of order p. Therefore det(ρ)(g) = χZ(gp). This
shows that det(ρ) 6≡ 1.
Here, we observe that for nonabelian group of order p3, where p is prime, the determinant of
Heisenberg representation of G gives the information about the isomorphism type of G.
In the following example we see if G is nonabelian of order 8, then det ρ 6≡ 1 if G is dihedral
and det ρ ≡ 1 if G is quaternion.
Example 4.7. If G is a nonabelian group of order 8 then it has by obvious reasons precisely one
faithful Heisenberg representation ρ = (Z, χρ) which is of dimension 2. MoreoverG
2Z = Z = [G,G]
is of order 2 and G/G2Z is Klein’s 4-group. Therefore
(det ρ)(g) = χρ(g
2) = 1 if g ∈ Z (det ρ)(g) = −χρ(g2) if g /∈ Z.
Now if G is dihedral we have elements g /∈ Z of order 2 (the reflections), hence
(det ρ)(g) = −1, whereas G quaternion implies that all g /∈ Z are of order 4, hence (det ρ)(g) =
(−1)(−1) = 1.
5. An arithmetic example
In this section we consider Heisenberg representations from the arithmetic point of view (as in
[9], pp. 301-302), and we can add now a result on the determinant.
Now we let F/Qp be a p-adic number field, i.e. a finite extension of the field of rational p-adic
numbers and G = GF := Gal(Fsep/F) the absolute Galois group over F . Since GF is profinite, a
Heisenberg representation ρ = (Z, χρ) of GF
is actually a representation of a finite factor group GF = GF/Ker(ρ) = Gal(Kρ/F). Moreover
we have: Z = GK for an abelian extension K/F such that Gal(Kρ/K) = Z/Ker(χρ) is cyclic.
Thus ρ can be considered as representation of GF/[GK , GK ] = Gal(Kab/F) where Kab denotes the
maximal abelian extension of K.
Now by the Theorem of Shafarevich-Weil, (see [2], p. 246, Theorem 6), the Galois group
Gal(Kab/F) can be identified as the profinite closure of the relative Weil-group
(5.1) 1→ K× → WK/F → Gal(K/F)→ 1
corresponding to the fundamental class αK/F ∈ H2(Gal(K/F),K×). And the reciprocity map
g ∈ GF/[GF , GF ]→ xg ∈ F˜×(=profinite completion of F×) can be recovered as the transfer map
(5.2) TK/F : WK/F/[WK/F ,WK/F ]
∼−→ K×Gal(K/F) = F×,
where we use TK/F to denote the transfer from WK/F to the abelian subgroup K
× which is actually
an isomorphism between WK/F/[WK/F ,WK/F ] and F
×(See [2], p.239 where the notation TK/F =
VK/F has been used). Moreover from (5.1) we obtain
(5.3) [WK/F ,WK/F ] = K
×
F ⊂ K×,
where K×F := {y ∈ K×|NK/F (y) = 1} denotes the kernel of the norm map. (see [2], p.182, Theorem
3 with G abelian and α = αK/F . We will use the notation NK/F also to denote the subgroup of
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norms: NK/F = NK/F (K
×) ⊂ F×.)
Our point view is now to identify ρ = (Z, χρ) with a representation
(5.4) ρ : WK/F → GLd(C), where K is the fixed point field of Z ⊂ GF .
Then via (5.2) the determinant det(ρ) identifies with a character det(ρ) : F× → C×. And the
central character χρ : Z → C× identifies with a character χK of K˜× ∼= Z/[Z,Z]. But actually χρ
is a character of Z/[Z,GF ] which translates into χK : K
×/IFK× → C×, where IFK× ⊂ K×F is the
subgroup generated by all yσ−1, for y ∈ K×, σ ∈ Gal(K/F). This is because yσ−1 = [y, σ] can be
interpreted as a commutator in WK/F .
Moreover we note that the subgroup G2FZ ⊆ GF corresponds to the field extension K2/F which
comes as the composite of all quadratic subextensions E/F inside K. And the corresponding
G2FZ/[Z,Z] identifies with the subgroup WK/K2 ⊆ WK/F . This leads us to the following reformu-
lation of Theorem 1.1:
Proposition 5.1. Let ρ = (Z, χρ) = (GK , χK) be a Heisenberg representation of dimension d of
the Galois group GF which we may assume to be given via (5.4). Then det(ρ) understood as a
character of F× has the invariant form:
(5.5) det(ρ)(x) = ερ(x) · χK(wdx), for all x ∈ F×,
where wx ∈ WK/F is any representative such that TK/F (wx) = x and where
ερ(x) =
−1 if [K2 : F ] = 4 and x 6∈ NK2/F ,1 in all other cases.
Proof. We use the commutative diagram
WK/F
TK/F−−−→ F×y y
Gal(Kab/F) −−−→ Gal(Fab/F)
to shift our main result from the lower row to the upper row. As to the definition of ερ we only
need to remark that
GF/G
2
FZ
∼= WK/F/WK/K2
TK/F←→ F×/NK2/F ,
where the second isomorphism is due to NK2/F ◦ TK/K2 = TK/F which can easily be seen from: [2]
, pp. 242-243, Theorem 4, (where the map f is inverse to our isomorphism (5.2)).
Since GF/Z = Gal(K/F) has the property σ
d = 1 for all σ ∈ Gal(K/F), we deduce from (5.1)
that wdx ∈ K×. And from (5.2), (5.3) we see that any other w′x representing x has the form
w′x = wxy for some y ∈ K×F . Now modulo IFK× the two factors commute, hence
w′x
d ≡ wdxyd (mod IFK×), χK(w′xd) = χK(wdx)χK(yd).
So to recover the fact that χK(w
d
x) is well defined it will be enough to verify that y
d ∈ IFK×,
if y ∈ K×F . Here we use that WK/F := WK/F/IFK× is 2-step nilpotent because it corresponds
to GF/[Z,GF ] (see Remark 2.2(iii)). Therefore the commutator in WK/F induces an alternating
bilinear form
(5.6) cK/F : F
× ∧ F×  K×F /IFK×, cK/F (x1, x2) = [wx1 , wx2 ],
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where now the representatives wxi(i = 1, 2) and the commutator have to be considered in WK/F .
But the transfer map (5.2) restricted to K× ⊂ WK/F is nothing else than the norm map: TK/F (y) =
NK/F (y), and K× := K×/IFK× is precisely the center in WK/F . Therefore:
Lemma 5.2. The alternating bilinear form cK/F has the radical NK/F ⊂ F× and induces an
isomorphism
(5.7) Gal(K/F) ∧Gal(K/F) ∼= F×/NK/F ∧ F×/NK/F
cK/F−−−→ K×F/IFK×.
From what has been said so far it becomes obvious that cK/F is a surjective homomorphism.
But one may verify that (5.7) is nothing else than a reformulation of the Tate isomorphism
Ĥ−3(Gal(K/F),Z)
∪αK/F−−−−→ Ĥ−1(Gal(K/F),K×)
for abelian extensions K/F .
Thus we see that together with Gal(K/F) also K×F /IFK
× is of exponent d, hence x ∈ F× 7→
χK(w
d
x) is a well defined map, but, as we have seen, need not be a homomorphism.

Remark 1: If x = NK/F (y) is a norm then (as we have seen already) we may take wx = y ∈
K× ⊂ WK/F . Moreover NK/F ⊆ NK2/F , hence ερ(x) = 1, and therefore the Proposition 5.1 implies:
det(ρ)(NK/F (y)) = χ
d
K(y) for all y ∈ K×.
In group theoretic terms this means det(ρ)(z) = χdρ(z) if ρ = (Z, χρ) and z ∈ Z.
Remark 2: If we actually want to compute χK(w
d
x) then it will be necessary to make choices
again. For this we consider
X := χK ◦ cK/F : F×/NK/F ∧ F×/NK/F → C×,
which again is non-degenerate and in algebraic terms corresponds to
χρ ◦ [., .] : GF/Z ∧GF/Z → C×.
Now given x ∈ F×, we use Lemma 4.1 and find x ∈ NL/F ⊂ F×, for some subgroup of norms
NL/F ⊂ F× which is maximal isotropic for X. Let now yL ∈ L× such that
NL/F (yL) = x.
Using the commutative diagram
WK/L
⊂−−−→ WK/FyTK/L yTK/F
L×
NL/F−−−→ F×
with vertical transfer maps, we see that
(*) wx := T
−1
K/L(yL) ∈ WK/L ⊂ WK/F
is a representative for x because:
TK/F (wx) = NL/F ◦ TK/L(wx) = NL/F (yL) = x.
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But L×/NK/L ∼= Gal(K/L) and [K : L] = [L : F ] = d implies ydL ∈ NK/L hence
ydL = NK/L(yK) = TK/L(yK)
and
χK(w
d
x) =(∗) χK(T
−1
K/L(y
d
L)) = χK(N
−1
K/L(y
d
L)) = χK(N
−1
K/L((N
−1
L/F (x))
d).
Remark 3: From [2], it becomes obvious that Proposition 5.1 generalizes to all situations where
the base field F is member of a class formation (cf. [2] p.209), in particular if F is a global field.
Now we have to replace F× by the formation module AF which is assigned to F ; for global fields
F it is AF = IF/F
× the idele class group. Then we obtain the norm-residue-map of class field
theory as a canonical map AF → Gal(Fab/F), and (5.1)-(5.3) reformulate as
(1A) 1→ AK → WK/F → Gal(K/F)→ 1, assigned to αK/F ∈ H2(Gal(K/F),AK),
(2A) TK/F : WK/F/[WK/F ,WK/F ]
∼−→ AGal(K/F)K = AF ,
(3A) [WK/F ,WK/F ] = ANK/F ⊂ AK ,
where ANK/F = {y ∈ AK |NK/F (y) = 1} is the kernel of the norm map NK/F : AK → AF .
Now we will use the notationNK/F also to denote the subgroup of normsNK/F := NK/F (AK) ⊂ AF .
A Heisenberg representation ρ = (Z, χρ) of the Galois group GF rewrites now as
ρ = (GK , χK),
where K is the fix point field of Z and χK : AK/IFAK → C× is a Galois invariant character of
AK which comes as the lift of χρ : Z/[Z,GF ]→ C×. Again we may interpret ρ as a representation
of WK/F or more precisely of the 2-step-nilpotent group WK/F := WK/F/IFAK and via AF →
GF/[GF , GF ] we may interpret det(ρ) as a character of AF . Then we obtain:
Proposition 5.1.A Let ρ = (Z, χρ) = (GK , χK) be a Heisenberg representation of dimension d of
GF , interpreted as
ρ : WK/F → GLd(C).
The character det(ρ) : AF → C× is then given in invariant form as
det(ρ)(x) = ερ(x) · χK(wdx),
where again wx ∈ WK/F is a representative such that TK/F (wx) = x ∈ AF and where ερ(x) is
defined as before but with the convention NK2/F = NK2/F (AK2) ⊂ AF .
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